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In this article, we have proposed a compact classification of isotropic and homogeneous single negative (SNG) 
electromagnetic metamaterial based perfect tunneling unit cells. This unified classification has been made by means of 
the band gap theories and properties of the arrays made up of these unit cells. Based on their reported characteristics, 
we have proposed new structures that simultaneously show perfect tunneling band  and complete band gap (CBG-omni 
directional stop band for both polarizations). Besides, we have identified a kind of perfect tunneling which can be 
considered as ‘phase shifted perfect tunneling’. Several  interesting and new phenomena like Complete Perfect 
Tunneling (CPT-omni directional perfect tunneling for both polarizations), Band Gap Shifting,CBG in Double Positive 
(DPS) material range, etc. have been reported with proper physical and mathematical explanations. 
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Introduction:  
 
Electromagnetic (EM) waves cannot propagate over several 
skin depths in materials exhibiting negative permittivity or 
negative permeability values (also known as single-
negative (SNG) materials). EM waves that enter SNG 
materials exponentially decay along the direction of 
propagation and rapidly lose their energy. However, when 
SNG slabs are used in suitably designed multi-layer 
structures, they can be remarkably made completely 
transparent. It is also interesting that the combination of 
these unit cells into arrays can exhibit fully opposite 
behavior of transparency i.e. opaqueness or band gap 
behavior.  Zhou et al. demonstrated a unit cell structure 
with high negative permittivity layer sandwiched between 
high positive permittivity medium which exhibits perfect 
tunneling [1]. Different perfect tunneling unit cells have 
also been demonstrated [2-4]. Alu-Engheta showed perfect 
tunneling with SNG bi-layers [5]. But the design proposed 
by Alu et al. works only at the sub-wavelength limit. 
Recently the idea of prefect tunneling using metamaterial 
has also been realized in semiconductor hetero-structure 
[6,7]using high potential and negative effective mass 
concepts. On the opposite side, to remove the problems or 
limitations of photonic crystals based photonic band gaps 
(i.e. Bragg gaps) Li et al. [8] and Jiang et al. [9] proposed 
non-Bragg gaps based on DNG and SNG metamaterials, 
respectively. Shadrivov et al. [10] demonstrated the idea of 
complete 3D band gap with only one dimensional periodic 
structure using metamaterials. But strangely no attempt has 
been made to relate all these independent works together. 
Although it seems that previous individual works are 
different, they may be related with each other. Moreover, 
no attempt has been taken to relate the perfect tunneling 
structures with band gap structures (neither in 
electromagnetics nor in semiconductor heterostructures). 
As a result, their engineering applications are very rare. 
Despite that metamaterial based perfect tunneling 
structures and band gaps have several attractive 
characteristics.  Recently authors in Ref.[11] (one of the 
authors of this article) have found that metamaterial band 
gap inspired fibers with two different layers of unit cells 
can overcome the limitations of conventional Bragg fibers. 
Interestingly, we have also identified that the perfect 
tunneling reported in [2,3] should be considered as phase 
shifted perfect tunneling instead of pure perfect tunneling. 
Thus, it is imperative to answer the following notable 
questions:(i) Can we classify SNG metamaterial based 
perfect tunneling structures in a compact way so that we 
can understand their physical behavior and implement 
appropriate engineering applications? E. g. if unit cells 
made up of three or more layers to design array structures, 
we may get greater advantages in comparison with [11].(ii) 
More specifically, is there any relation between SNG 
metamaterial based perfect tunneling and their associated 
band gaps?(iii) Is it possible to achieve Perfect Tunneling 
Band (PTB), Complete Band Gap (CBG) etc. in a single 
structure? Such a structure can be very interesting for 
controlling the transmitted data according to the designer’s 
will (especially for fiber clad, for fiber core and for broad 
band data transmission [11-13]).  
In this article, we have investigated the answers of the 
above mentioned important questions. Here we have 
classified SNG metamaterial based perfect tunneling tri-
layer unit cells by means of their band gap properties. 
Several  interesting and new phenomena like Phase Shifted 
Tunneling, Complete Perfect Tunneling (CPT-omni 
directional perfect tunneling for both polarizations), Band 
Gap Shifting, CBG in Double Positive (DPS) materials etc. 
have been reported with physical and mathematical 
explanations. Our electromagnetic ideas can also be applied 
  
to semiconductor structures for tunneling and new type of 
artificial electronic band gaps. 
 
Theoretical Formulation: 
In Ref.[1], it has been shown that to achieve perfect 
tunneling, the reflection co-efficient, 21 22r Q Q= −  should 
be zero provided there is no absorption present (where 
,( )Q kω is a 2×2 transfer matrix that relates the forward   
backward electric field components in the incident medium 
to those of the transmitted medium [14]). But it does not 
give any clue to how this perfect tunneling is related with 
the band theory. To relate them and to investigate more 
physical insight, we can start considering the propagation 
along z-axis of the 1D photonic crystal (PC) [15], of a  
linearly polarized field of the form
 ˆ( , ) ( ) exp( )xE z t E z j xtω= ⋅ −

.Starting from the Maxwell’s 
equations: 
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where  ( )r  and ( )rµ are the position dependent dielectric 
constant and magnetic permeability,  respectively. Due to the 
periodicity of the 1D PC, ( ) ( )z L z+ =  , ( ) ( )z L zµ µ+ =  
where L is the period, equation (1) can be reduced to: 
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where (( )) ) (zn z zµ⋅=  and
(( )) ) (zZ zz µ=  .Considering the above form of the 
electric field ( , )xE z t ,the solution of equation (2) for the 
electric field within each host material can be written as: 
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where 2k c nπ λ ω= = ⋅ and z0 denotes an arbitrary point 
in each layer. The above solution is valid only for stratified 
medium where ( )n z  and ( )Z z  are constants in a particular 
medium, but may vary from layer to layer. For a 1D PC 
composed of alternating layers of two or three or more 
materials, equation (2) must be solved by assuming the 
continuity of both E(z)  and 1 ( )
( ) ( )
dE z
n z Z z dz
⋅ . This means 
that the two component function 
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(4) 
is continuous through the PC structure. This condition can 
be written based on equation (3), 
 
                       0 0( ) ( ) ( )iz M z z zψ = − ψ                       (5) 
 
for each layer of the total structure. Here i is the layer 
index, z and z0 are in the same layer and ( )iM z  can be 
recognized as the M matrix or transfer matrix defined by 
[15]; 
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1
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= Μ   ′   
                                 (6) 
Also from Eq (4), it is recognized that the term 
1 dE H
nz dz
⋅ ∝ i.e. the magnetic field (Which can be shown 
very easily using Maxwell’s equations). Hence for two-, 
three-or m-layer unit cells, according to [14], the total 
transfer matrix T can be written as: 
 
                    
2
11 12
1
21 22
m
m m
m m
 
Τ = Μ ⋅Μ Μ =  
 

 
(7) 
where ,( )iM kω is a 2×2 transfer matrix that relates the 
incident electric and magnetic field intensities and the 
transmitted intensities for the i-th layer (M should be 
function of k). Again from [15], using Bloch’s condition we 
have, 
 
                         ( ) exp( ) ( )BZz L iK L zψ + = ψ                      (8)   
 
 
Hence, considering Eq (8) and the total array structure of m 
unit cells of the form (ABC)n for a non-trivial solution of Eq 
(5)  the eigen value equation gives: 
 
     2 11 22 11 22 12 21( ) ( ) 0mm m m m mλ λ ++ − =−               (9) 
 
From conservation of energy it follows that
11 22 212 21 1( ) 1 ( )det T m m m m λ λ= = − = and hence from Eq (8) 
we get: 
 
1 1 222 1exp( ) exp( ) ( )BZ BZjK L jK L m mλ λ+ = + − = +  
                              
11 22
1cos( ) ( )
2BZ
K L m m= +
 
(10)     
 
This is the so called band gap equation (although a 
different form has been given in [14]).Again from [16], 
using boundary conditions; it can be shown that: 
 
                            
11 22
1cos( ) ( )
2
KL q q= +     (11) 
 
But we have not yet been able to relate the elements of  Q 
matrix ( q21 , q11 etc.) with the elements of T matrix. (m21 
,m11 etc.)So, going back to the basic definitions and we can 
  
 
 
 
 
 
 
 
 
 
 
 
 
FIG-1.Structure of  magneto dielectric slab with associated 
parameters for the detemination of the relation between the 
elements of  Q&T  matrices (See ref [15],too).  
 
write from [15] (also see Fig. 1): 
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We know the forward and backward waves are related
[ ]12 ( ) ( )( ) ( )E z E z z H zη+ = + ; [ ]12 ( ) ( )( ) ( )E z E z z H zη− = −  
So using the relation: 
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Where aη and bη are the characteristic impedances of 
incident and transmitted media respectively. Now, we can 
write: 
 
 
 
 
 
 From (12) & (14), we can write: 
 
 
 
 
 
Equation (15) is the most important equation which relates 
the elements of Q&T matrices. Based on the general 
condition of the perfect tunneling 
21 21,( ,) ( ) 0qk kQ ω ω= − = , as stated by in[1], we are going 
to classify SNG metamaterial based PT unit cells into 
different categories. But we need not consider TE & TM 
modes seperately since for normal incidence they are 
equivalent. As a result we are considering the relation 
between q21 and mijfrom Eq (15 ): 
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η
η
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(16) 
where, ,a bη  are the characteristic impedances of the initial 
and final medium. The formula for inclined incidence is: 
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      (17)  
where the transverse impedance Tη  stands for either TMη or 
TEη  given by: 
Polarization 
Tη  
Tη (TE) cosη θ  
Tη (TM)  cosη θ  
 
Above discussion gives a single condition in terms of 
elements of q (i.e q21 = 0) which is actually equivalent to 
different possibilities in terms of mij. We have used this very 
fact for the classification of different unit cell combinations 
of SNG metamaterials. It is the most notable point that 
throughout the article we have imposed primary conditions 
based on only equation (16)  (i.e. for normal incidence) and 
considering aη = bη . But these primary conditions are 
strong enough to handle the situations of inclined 
incidences as well. On the other hand, equation (10) relates 
the band gap with perfect tunneling condition (Eq (16)) 
based on the simple relation: det(T) =1. Considering these 
simple relations, we are goingto propose structures with 
simultaneous complete perfecttunneling band with 
complete band gaps just by using 1D layered structure.  
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Depending on Eq (16) and (10) our classification is as 
follows: 
 
Type-A1 and Type-A2 unit cells: 
 
Considering the 1st case of the table-1  with the condition: 
i i i i i i i id d d dµ µ= = =∑ ∑ ∑ ∑   = 0 &for electrically  
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Main & Primary condition of PT  (always satisfied at f= fT):q21(fT) =0 [Eq (16)] 
Band Gap condition:  cos (KBZL)= (1/2) (m11(fT) + m22(fT)); Connected condition: det (T) =1 
 
Type 
Minimum 
Condition to 
be satisfied 
at normal 
incidence 
only 
T=1 
forBoth 
Polarizat
ions 
[unitcell
] 
T = 1 for 
all angle 
(0 to 90 
degrees) 
[unit 
cell] 
Perfect 
tunneling 
freq. 
[unit 
cell]=Band 
edge 
freq. of 
stop band 
[array] 
Perfect 
tunnel-
ing 
band 
(array) 
Comple
te Band 
gap 
(array) 
Band gap 
shifting 
(by adding 
matched 
layer with 
unit cell 
then 
arraying) 
Examples 
of similar 
perfect 
tunneling 
unit cells  
Comment 
Specific condition: 12 0m = & 21 0m = (automatically satisfied for A1 & A2 at fT) 
A1 
 
1
1 0
µ
µ
= =
=
=

  
(Electrically 
Thin layer) 
Yes Yes 
Yes(KBZ 
=0 )[But 
zero width 
BG; no real 
BG] 
Shifting of 
PT  
Yes 
(must 
be 
>AB)  
 
[*CPT 
for 
*CMA
1] 
Yes 
(always 
because 
of 
1 2η η=
= ……) 
_ 
1.Fig-5,11 
(only AB 
case) in 
[5] 
2.Fig2; 
case-1; in 
[4] 
1.Unit 
cell:*CPTB   
2.Array: 
Simultaneou
s *PTB & 
*CBG is 
possible for 
> AB  ( Best 
case: 
*CMA1) 
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Yes  
(al-
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1 2η η=
= ……) 
_ 
1.Fig3 
(only AB 
case); in 
[5] 
2.Fig2; 
case-2,3; 
in [4] 
1.Unit cell: 
No CPTB  
2.Array: very 
small PTB 
but good 
CBG is 
possible for 
> AB 
B 
0,
0µ
≠
≠

Electrically 
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ayer(m12 = 
m21=0 ; 
&m11 = m22) 
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 (KBz =0  
OR  KBz = 
π/L) 
No Shifting 
of target PT 
frequency 
No 
For 
Specific 
cases 
No 1.[1]  
1.Unit 
cell:*CPT 
2.Array: No 
PTB but 
CBG is 
possible for 
forced 
conditions > 
AB. 
 
Specific condition: 12 0m ≠ & 21 0m ≠ ; q21=0[ Phase Shifted Perfect Tunneling] 
C 
0,
0µ
≠
≠

(Electrica-lly 
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layer) 
No No 
No 
(KBz ≠0 
but must be 
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Shifting of 
target PT 
frequency 
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For 
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cases 
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1.[2] 
2.[3] 
3.Fig-
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se-
1,2&3);in 
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1.Unit cell: 
No CPT 
2.Array: 
Simultaneou
s PTB & 
CBG is 
possible for 
forced 
conditions > 
AB 
*CPTB: Complete Perfect Tunneling Band        *PTB: Perfect Tunneling Band   *CMA1: Conjugate Matched A1    *CBG: Complete Band gap    
*CPT: Complete Perfect Tunneling at specific frequency 
 
TABLE-1 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
thin layer ( )d λ<< , we shall discuss the interesting 
properties of these unit cells (named type-A1)  and the 
array made up of such unit cells. It is important to note that 
the condition : m12 = 0 , m21 = 0; m11 = m22 (see Eq (19) in 
[4]) are automatically satisfied. Also the impedance 
matching condition 
1 2 .....η η= = is automatically satisfied at 
the PT frequency. Also the equal optical path condition[17] 
i.e. 1 1 2 2 .....k d k d= =  is not a generalized  necessary codition 
for PT. To get the conditions stated in Table-1 for Type-A1, 
we referto the idea of Spatial Averaged Single Negative 
(SASN) BG [18] (a special type of Zero Effective 
Phase(ZEP) band Gaps [9]). At subwavelength limit, if a 
unit cell is made up ofmlayers  and we make their array, it 
can be shown that 11 22 1m m= =  (see the T matrix in [4]& 
[19]) . According to Eq (10), it turns into  the condition: 
cos( ) 1BZK L =  or the band edge condition and  the SASN 
band edge condition can be written in a very simple way : 
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Hence at band edge for TE mode:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
         
         
( ) 0i i i i
ck
d d µ
ω
− =∑ ∑|| or i idµ =∑ 0             (19) 
   And for the TM mode: 
         0i id =∑ or ( ) 0i i i i
ck
d dµ
ω
− =∑ ∑|| 
            
(20) 
where Fi (TM) = Tiη (TM),   Fi (TE) = (1/ Tiη (TE)) and 
( / )( ) cosi cω ε µα θ= . A very nice application and 
extension criteria of such BG has been discussed in [11] & 
[19] respectively. Bandwidth of the SASN gap will be zero 
if we choose the above two conditions (19) & (20) for f1=f2 
[19]. By combining both conditions together for any angle 
of incidence to achieve transparency at frequency f1=f2=f  
and  also for both TE & TM polarization the ultimate 
condition turns into i i i i i i i id d d dµ µ= = =∑ ∑ ∑ ∑   = 0  
(applicable only for subwavelength case). This specific 
condition has been shown as the ‘Alu-Engheta condition’ 
for simplest AB layer unit cell in [5,17]. As f1 = f2, no real 
BG opens up and it has been described as the zero-width 
band gap [17]. This has an effective phase delay point  i.e 
transparent media with zero phase lag and no real BG i.e. 
zero-width BG. However, we shall show that if the unit 
cells are made up of more than two layers (>AB), several 
unusual phenomena occur. These unusual phenomena are 
not possible with the AB unit cells.In Fig.2(a) & (b), we 
have shown that the transmittivity, T = 1 for both 
 
 
FIG-2.A1 type conjugated matched AB type unit cell supports CPT at target frequency, f0 -2(a). But the array (100 unit cells) does not support 
PTB, 2(b). [Parameters: at target frequency,  f0 = 0.796 GHz, ε1 = –3, μ1 = 6; ε2 = 3 μ2 = –6; d1 = d2 = 10mm. Drude dispersive model has been used. 
Insets of 2(a) & 2(b) are drawn at the target frequency of  f0 = 0.796.796 GHz with angle of incidence, θ = 0 degrees.] A1 type conjugated matched 
ABC unit cell supports CPTB -2(c). Althoug, the array(100 unit cells) supports CPT only at f0, 2(d); it is capable of showing PTB, 2(e) [Prameters: at 
target frequency, f0 = 0.796 GHz, ε1 = –2 μ1 = 4,ε2 = 2 μ2 = –4, ε3 = 2 μ3 = –4; d1 = d3 = 5mm, d2 = 10mm. (Insets of 2(c) & 2(d) are drawn at f0 = 
0.796 GHz and that of 2(e) is at 2.127 GHz.)  
For oblique incidence a new BG opens up in between 1.7 GHz & 2 GHz, as shown in 2(f) (at θ = 45 degrees) which is due to the apparent violation 
of Snell’s law. 
A1 type ABC unit cell array (100 unit cells support CBG. Here, 2(g) refers to an SNG gap and 2(h) refers to a DPS gap. [Parameters: same as Fig 
2(c) & 2(d). Insets of 2(g) & 2(h) are drawn at the frequencies of 0.125GHz and 4.6GHz respectively]. Green line will indicate the mid gap frequency 
throughout the whole article (Black lines are PT frequency). 
 
f (Hz) 
 
  
polarizations(for the unit cell)at any angle of incidence at 
the target frequency f0. But when the unit cell is made up of 
more than two layers (i.e. ABC structure), only then for a 
range of frequencies, nearly perfect tunneling occurs which 
we can call as a Perfect Tunneling Band (PTB). This is a 
new observation (Fig-2 (e)). Besides, when we make an 
array with  the unit cells of ABC, the PTB still exists 
(although in the DPS region  Fig. 2(h))which is not possible 
with two layers A1 type unit cell. However, Fig-2(c) & (e) 
clearly tell us thattype-A1 unit cells (> AB) can produce 
sufficientlywide PTB (even CPT for unit cell ) which could 
be very useful for fiber cores and sensors [12]. 
To understand how this PT is occuring in the DPS region 
even with electrically thick layers we calcute the phase of 
the transmitted electric field. We find that this is not pure 
PT rather it should be considered as Phase Shifted Perfect 
Tunneling (PSPT). Interestingly the same kind of phase 
shifted PT has been reported in a very complex way using 
metamaterials in Ref.[2,3]. However, in [2,3] this 
phenomenon – ‘phase shifted PT’ has not been explicitly 
discussed. In such PSPT cases, the transmitted wave gets an 
extra phase although the magnitude of the fields remain 
same (same power). Although for PSPT q21 = 0, it occurs 
only when T matrix (Eq (7)) is not an identity matrix. In 
such cases, the PT frequency is found at the pass band for 
the arrays of the unit cell because m12 &m21≠ 0 for such 
cases (m11 &m22 ≠ 1). We have discussed in detail later 
about such case in Type-C unit cell description. 
Mathematically we have : 
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If we consider |t|2 = 1 then, | | | |E E′ = . So, the only 
possibility is: 
                                 
iE Ee β′ =                                 (22) 
 
 where  β is the additional phase shift which does not occur 
in pure PT cases (when T is an identity matrix).  
 
As m11&m22 are real but m12 &m21 are  imaginary whenall 
the layers are DPS, from Eq (21)  & (22) , we can write at 
T = 1 : 
             11 12 sic s nom H EE m iEβ β+=+             (23) 
 
Implying that- 
11 cosm β= and 12 sin sinini
Em i
H
β η β= =  
where inη  is the impedance of the incident medium and i jm  
are the elements of the inverse matrix T-1. Therefore- 
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m
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β
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(24) 
Similarly, considering magnetic field; it can be shown that: 
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The equations (24) & (25) have been satisfied at the DPS 
region with m12≠ 0 and m21≠ 0 in the perfect tunneling 
frequency ranges in Fig. 2(e). Field distributions in Fig. 
3(e)& 3(f) clearly tells that decoupling mode theory [17] is 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG-3. The E and H intensities as a function of position for A1 type ABC unit cell  at f0= 0.796GHz is shown in 3(a). 3(b) shows the real & 
the imaginary part of the E field for the same configuration as 3(a). 3(c) & 3(d) are drawn for 6-unit cell array, for the same data. 3(e) & 3(f) 
are drawn for  6-unit cell array at 2.15GHz where PT of has been achieved for the array (at pass band), 3(g) is drawn for SNG BG (at mid 
frequency 0.125GHz  in SNG stop band with 10 unit cell array in log scale). 3(h) is at mid 4.6GHz of DPS BG for 10 unit cell array in log 
scale. 
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not applicable for the PSPT due to strong reflection (KBz ≠ 0 
or  π/L). In terms of the theory of decoupled modes, the 
target PT frequency f0 at the SNG region is nothing but the 
frequency of the zero width bandgap [17]. The BG will 
open if and only if  the Alu-Engheta condition [5,17] for 
is met for f1 but for µ  it is met at a different frequency 
f2[19]. From the field distribution (Fig-3 (a)), it is clearly 
found that interaction of pure evanscent  or decaying modes 
are responsible for  this kind of phenomenon[20]. Actually 
these are the band edge modes (after arraying)as reported in 
[20] to explain the Type-II gap  ( SASN BG [18]). Hence, 
our proposed condition can be treated as generalized Alu-
Engheta condition for ENG|MNG m layers to form unit 
cells for getting perfect tunneling over a wide frequency 
range i.e. a PTB(CPT at the target frequency). But the most 
noticable fact is that after making an array with the ABC 
unit cells, although we get CPT at the target frequency, 
PTB like that in the DPS region can not be found in SNG 
frequency range (Fig. 2(d)). The transmittivity is an  
oscillatory function of frequency near the target frequency. 
So, the statement reported in [17] : “ ….. which results KBz 
= 0.The latter quantity assures that the wave is restored 
after passing through the crystal” is true only for the target 
frequency. As KBz = 0 at that frequency,wave will be 
restored even after arraying the unit cells. Hence the array 
structure will achieve perfect tunneling at the zero band 
width frequency (Fig. 2 (b) & (d)). But there is still another 
way to achieve CPT at the target frequency and a PTB with 
the array.  This condition can be called conjugate matched 
A1 (CMA1) condition: 
|ε1| = μ1 = ε2 = |μ2| = |ε3|= μ3;d1= d3&d2= 2d1 
(ENG|MNG|ENG).For other frequencies of the PTB near the 
target frequency, the additional phase gain (Eq (24)) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
achieved by the fields are extremely small andKBz remains 
almost zero at those frequencies. Hence the wave is 
restored almost at the pure from after passing through the 
array (Fig. 4(a)). This is a superior performance possible 
only with the CMA1 structures. 
     A completely different and quite strange property is the 
band gap property or opaqueness of such unit cells is 
achieved by putting them into arrays. Although for some 
specific frequency range they behave as perfect tunneling 
unit cells, we notice some very unusual and interesting 
phenomena in their BG properties for other frequency 
ranges. For example, in the DPS frequency range we are 
getting CBG which is a new observation (Fig.2(h)). For 
oblique incidence another BG opens up at frequencies near 
but greater than the plasma frequencies of the SNG 
metamaterials (Fig. 2(f)). At these frequencies the BG is 
not the  conventional Bragg gap rather this gap is due to the 
fact that the angle of refraction in the layer is imaginary as 
can be seen from Snell’s law [20]. This is like an aparent 
violation of the Snell’s law. However we find that at some 
particular frequency the BG in the DPS region is omni-
directional (inset of Fig .2(h)). This is a new observation 
that in the DPS region for some frequency range we get 
omni-directional Bragg gap.   
For BG due to aparent violation of Snell’s law it is 
necessary to use a third layer since the incident waves can 
not couple to Brewstar window and hence it can show the 
CBG performance even with the propagating modes 
(similar but not identical to the case of DNG based CBG 
reported in [10]).On the other hand, the BG originates in 
the SNG range (Fig 2(g)) is due to the pseudo-propagating 
modes. It also shows CBG property(Fig 2(g)) due to F1= F2 
= F3 at both polarizations. According to the field  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
the target frequency f0 - 4(d).The array(100 unit cells) supports PTB, 4(e) [Parameters: at target frequency, f0= 0.796 GHz, ε1 = -6 μ1 = 12, ε2 
= 3 μ2 = -6, ε3 = -6 μ3 = 12;d1 = d3 = 5mm, d2 = 20mm;Drude dispersive model has been used. Insets of 4(d)& (e) are drawn at the 
frequencies of 0.796 GHz &0.9983GHz respectively].A2 type ABC cell array of 100 unit cells support CBG, 4(f). Here, 4(f) inset-(i) refers 
to an SNG gap and 4(f) inset (ii) refers to a DPS gap [parameters: same as Fig 4(d) & 4(e). Insets of 4(f), (i) & (ii) are drawn at the 
frequencies of 0.25GHz and 3.0GHz respectively]. 
FIG-4. Conjugated Matched A1 supports CPT at f0 = 
0.796 GHz and also PTB 4(a). (CMA1) array 
[Parameters: at target frequency, f0 = 0.796 GHz, ε1 = -3 
μ1 = 3, ε2 = 3 μ2 = -3 &ε3 = -3 μ3 = 3; d1 = d3 = 5mm, d2 
= 10mm;Drude dispersive model has been used.[ Inset of 
4(a) is drawn at f0.] 4(b)& 4(c)are the corresponding field 
distributions, drawn at f0, for 4 unit cell array. 
       On the other hand, A2 type conjugated matched 
ABCtype unit cell supports a large angletransparency at  
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
distribution of Fig-3(g)  , this SNG gap behaves like type-I 
BG reported in [20] which is different than SASN [18] or 
ZEP [9] BG. Both of these band gaps (Fig. 2(g) & 2(h)) are 
originated from type-A1 unit cells and are independent of 
polarizations and the angle of incidence.  
    Type-A1 unit cells  (> AB) individually show superior 
perfect tunneling performance. However, if we introduce 
small amount of  loss in the metamaterials the CPT will be 
destroyed. But the PTB will sustain even in the presence of 
loss. Their array is also superior due to simultaneous PTB 
(although shifted from target frequency and an additional 
phase is gained by the fields)& CBG. Most superior behavior 
can be expected from CMA1 unit cells and arrays. CMA1 
arrays will show simultanous PTB with CPT at target 
frequency as well as CBG. Such designs could be very useful 
in the near future. Because of their coupling to Surface 
Plasmons (SP) and conventional modes in superfast 
metamaterial inspired fibers [12].  
   Consider the 2nd case of the Table-1 (type A2), which 
satisfies almost the same condition 0i i i id dµ= =∑ ∑ &is 
electrically thin (d<<λ like A1 type ) but  0i id ≠∑  &
0i id µ ≠∑ . Again note that the conditions:m12 = 0 , m21 = 
0;m11 = m22 =1 (see Eq (19) in [4]) are automatically 
satisfiedand 
1 2 .....η η= =  will be satisfied at the PT 
frequency. However,from Eq (19)&(20), it can be easily 
stated that the perfect tunneling performance of such unit 
cells will not be as good as that of  type-A1. Although The 
condition for K|| will not be satisfied ,such unit cells show a 
large  angular range transparency(it will not show all angle 
transparency like Type-A1 unit cells even in absence of 
material loss) (Fig. 4(d)). Moreover, the PTB in DPS region 
(PSPT) is extemely narrow (also shifted like A-1); see Fig. 
4(e) & the difference in field distribution in Fig. 3(e) &5(e). 
But the notable fact of such arrays is that the  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
band gap properties of type-A2 array are almost identical 
totype-A1 arrays due to the automatic impedance matching 
condition (See Eq (18)& the field distributions in Fig 6(c) 
& (e)). As a result , without satisfying the extra condition 
with much degrees of freedom, these A2 arrays can be 
applied in more flexible application purposes.     
 
Type –B and Type-C unit cells : 
According to Zouhdi et al.[17]: “In terms of Band theory , a 
wave transmission without modification in phase and 
amplitude through a PC slab can be achieved if the z 
directed component of the Bloch vector is equal to zero or,  
what is just the same, 1 2os ( ) 1c BZ d dK + = ”.This 
cos( ) 1BZK L =  or band edge condition is automatically ful-
filled at subwavelength region for Type A arrays . But for 
the electrically thick layers, we have found that 
/BZK Lπ= is also a similar band edge condition(
cos( ) 1BZK L = − ) for achieving perfect tunneling (as in [1]). 
On the other hand, for PSPT (type-C) KBz ≠ 0 or  π/L  [2,3]. 
As a result, although the magnitude remains same, the 
phase of the restored wave is modified (Eq 24).So, the only 
way to achieve wave transmission without modification in 
phase and amplitude (pure PT) through a PC slab is the 
band edge condition cos(KBZL) = +1 or –1 with the 
additional condition m12 = m21 =0. This condition is also the 
necessary condition of all angle transparency. Simply, T= I 
is the condition of pure PT where I is the identity matrix. 
This statement is true in general for electrically thick as 
well as thin layers.  
So far we have considered only electrically thin layers. 
Now we shall discuss electrically thick unit cells. This 
discussion is also applicable for electrically thin case. For 
type-B unit cells of Table-1 both electrically thin and thick  
 
 
 
FIG. 5. The E and H intensities as a function of position for A2 type ABC unit cell  at f0 = 0.796GHz is shown in 5(a). 5(b) shows the 
corresponding real and imaginary parts of E field with respect to the position. 5(c) & 5(d) are drawn for  5-unit cell array at f0. 5(e) & 5(f) 
are drawn for  5-unit cell array at 0.9983GHz(at DPS pass band). 5(g) is drawn for SNG BG (at mid 0.25GHz in stop band with 10 unit cell 
array in log scale). 5(h) is at mid 3GHz of the DPS gap for 10 unit cell array in log scale. 
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layers are possible. TheBloch vector should be made zero  
or π/Laccording to Eq (10) by imposing the condition: 
11 22m m= = +1 or -1 with the condition 12 21 0mm = =  (for  
det(T) =1).These conditions are not automatically achieved 
for the electrically thick layers (and also for thin layers 
composing of unit cell of the structure DPS SNG DPS).The 
condition 11 22m m= can be achieved very easily if we use 
ABA structure. Interestingly the structure considered by 
Zhou et al. [1] satisfies the condition  m12 = m21 = 
0.Unfortunately this interesting fact has been overlooked by 
the authors in [1]. Instead of m12 = m21 = 0 condition, 
2
12 21( ) ( )T Tm mf fη ⋅= condition has been used by the 
authors (Eq (2) in [1]). Mathematically we can show how, 
m12 = m21 = 0  condition is automatically achieved when the 
target PT frequency is the band edge frequency  and vice 
versa. The band edge condition:   
                        
11 22
1 ( ) 1   or  1
2
mm = −+               (26) 
and from the conservation of energy: 
 
                         det(T) = 1  or 11 22 12 21 1m m m m− =        (27) 
 
we get, 11 22 21 12( ) ( )mm m m=− − , ignoring absorption, 
or 212 21 21 12( 4 )mm m m− −= . Now if we consider 11 22m m= , 
then we find: 12 21m m= . Combining all the equations for 
12 21m m= structure, at the band edge frequency we get: 
 
                                       12 21 0m m= =                      (28) 
 
On the other hand, starting from Eq (28) and using Eq (27); 
the final condition will be found to be nothing but Eq (26). 
Moreover, using Eq (24) & (25), we can also prove T=I and 
the band edge condition (see Eq (26)) in a much simpler 
way.However, this condition m12 = m21 = 0 is very 
important for getting perfect tunneling. Although the 
structure is electrically thick, it can achieve tranparecy for 
very large angle of incidence for both TE and TM 
polarizations (see 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Eq (17)). This almost-all-angle transparency for both 
thepolarizations will not be achieved if  q21= 0 but m12 ≠  0 
and m21 ≠ 0. Now the important question is: why the 
electric and magnetic field distributions are quite different 
in ABAstructure [1] in comparison to Type-A structures 
(A1 & A2).  The answer again comes from the band gap 
theory. At the band edge, the modes are pseudo propagating 
modes instead of pure evanscent modes when the structure 
is DPS|SNG|DPS (Fig 6). According to [17] : “If the 
impedance has the same value throughout the system, the 
waves exhibit no reflection. In other words each other 
(forward and backward propagating waves) do not couple. 
Thus the phenomena that are connected with reflection, 
such as the opening of the band gaps, do not appear”.  In 
type-B unit cells impedances are not matched. Hence the 
mathematical formulation for the E or H field can not be 
written as two uncoupled independent solutions of the 
differential equation (2). Due to different impedancevalues, 
reflected waves should take place and it will cause an 
opening of BGs (Fig. 6(b)). But at the target PT frequency 
or band edge (Fig 6(b)), just before (or after)the vanishing 
of the group velocity (due to the pseudo-propagating and 
reflected pseudo–propagating modes); decoupling modes 
exist(KBZ= 0 or π). Only for that specific frequencytwo 
uncoupled independent solutions of E or H exist. It can be 
shown using the RHS of the dispersion relation that the 
field at PT frequency (in ourproposed example, at left band 
edge frequency of the BG, Fig 6(b)) will be restored after 
passing through the total array structure. However, no 
perfect tunneling band will be found for the array of type-B 
unit cells because just after that specific frequency of 
perfect tunneling, the modes will start to couple with each 
other. It will cause destructive interferance and ultimately 
open the BG. Now, if we consider the band gap property of 
type-B unit cell array, we may get CBG only for specific 
cases. But the reason of finding CBG in electrically thick 
type-B unit cell array is quite different from that of type-A 
arrays. For our example 
 
 
FIG-6.B typeABC unit cell (eletrically thick) supports PT with almost all angle transparency, 6(a). Although the array(100 unit cells) does 
not support PTB but shows PT at target frequency f0, for normal incidence, 6(b). BGs show CBG performance 6(b). [Prameters: at target 
frequencyf0 = 1.432GHz, ε1 = 409.42, μ1 = 1; ε2 = –1000,μ2 = 1,ε3 = 409.42,μ3 = 1; d1 = d2 = d3 = 1mm; Drudedispersive model has been used. 
Inset of 6(a) is drawn at f0 = 1.432GHz. Inset (i) of 6(b) is at f0 = 1.432GHz. Inset (ii) of 6(b) is for both 0.5GHz & 3.5GHz (both are the 
centers of corresponding SNG gaps)]. 
   B typeABC unit cell (eletrically thin) supports PT with all angle transparecy, 6(c). The array(100 unit cells) does not support PTB but 
shows PT at target frequency f0, for normal incidence 6(c). The BG shows CBG performance 6(d) [prameters: at target frequencyf0 = 
1.432GHz, ε1 =200.82, μ1 = 1; ε2 = –400,μ2 = 1,ε3 = 200.82,μ3 = 1; d1 = d2 = d3 = 0.01955mm; Drude dispersive model has been used. Inset of 
6(c) is drawn at f0= 1.432GHz. Inset (i) of 6(d) is at 0.2GHz & inset (ii) is at f0 = 1.432GHz (almost all angle transparency is clear).   
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(Fig 6(b)), this CBG is found due to the high values of 
permittivities in all the three layers. Actually K|| remains 
almost the same for any value of the angle of incidence as 
1µ⋅ >> . On the other hand, the BG equation remains 
unchanged for both  TE & TM  modes because of  the 
unchanged value of  F1, F2 (see Eq (19)) whether it is TE or 
TM. But we note that in this case we get real BG which is 
not possible for type-A arrays. Moreover, this BG due to 
the pseoudo propagating modes  is different from the ZEP 
gaps [9]. ZEP type of gap is originated due to the 
interaction of pure evanscent modes which has been 
mentioned as type-II gap in [20]. Hence it is easily 
recognisable that although the left band edge frequency is 
the PT frequency (Fig. 6(b)), it should not be considered 
similar to ‘zero effective phase delay point’ [9] like in type-
A case.  
Another interesting fact is that type-B perfect tunneling is 
also applicable for electrically thin layers (Fig 6(c) & (d) ). 
But it is noticable that the conditions of Eq (19) or (20) are 
not met by them. Again from band theory we can explain 
this. Actually the band gaps found in DPS|SNG|DPS 
(actually any combination where complementary material – 
ENG & MNG have not used together in the set) are not 
SASN band gaps. PT conditions of Eq (19) and (20) are 
applicable for unit cell having at least one ENG & MNG 
layer. Hence although we get almost pure PT at 
subwavelength limit for type-B electrically thin unit cells, 
the PT is quite different from the PT reported for type-A 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
cases. Besides, a real BG opens up for Type-B cases. This 
phenomena can be explained mathematically using Eq(24), 
(25) & T=I condition.We note that in our examples of type-
B unit cells, the values of β  and α are negligibly small 
(which should be ideally zero). Last but not the least, from 
Fig. 6  it can be told easily that type-B unit cells may be 
very good for perfect tunneling (which is experimentally 
verified in [1]). But from the point of view of BG such 
thick layers are not inherently as good as type-A arrays 
because the CBG condition is not achieved automatically. 
Finally we shall discuss about type-C unit cell (see [2,3]) 
and their arrays (electrically thick & thin cases). So far we 
have shown that the band edge frequency is the perfect 
tunneling frequency for the unit cells. Besides , we are 
familiar with the case that when suitable defect layer is 
introduced to make hetero-structures, the PT frequency is 
found inside the BG[21, 22] (KBZ is imaginary). But 
strangely type-C is the only case for which the perfect 
tunneling frequency is found at the pass band after making 
array with the unit cells. Based on Eq (24) & (25), we can 
easily tell that this kind of PT is not pure PT rather it can be 
considered as phase shifted PT.Type-C unit cells are the 
most general unit cells satisfying the perfect tunneling 
condition: q21 = 0, where no restriction is imposed on the 
elements of the T matrix (see Eq 16 ). Interestingly, the 
value of KBZ is real for this type instead of zero or π/L or an  
imaginary value. As T≠I, the perfect tunneling performance 
of type-C unit cells are not good enough like any other 
 
 
 
 
7(f) are drawn at mid 0.5GHz &at  mid 3.5GHz of the SNG gaps for 10 unit cell array in log scale. 
     The E and H intensities as a function of position for B type ABC unit cell (electrically thin)  at f0 = 1.432GHz is shown in 7(g). 7(h) shows 
the corresponding real and imaginary parts of E field with respect to the position. 7(i) & 7(j) are at f0 for 5 unit cell array. 7(k) is drawn at 
0.20GHz in the SNG gaps for 10 unit cell array in log scale. 
FIG-7.The E and H intensities as a 
function of position for B type ABC 
unit cell (electrically thick)  at f0 = 
1.432GHz is shown in 7(a). 7(b) 
shows the corresponding real and 
imaginary parts of E field with 
respect to the position. 7(c) & 7(d) 
are at f0 for 5 unit cell array. 7(e) & 
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FIG-8.C type ABC unit cell does not support CPT  (it shows PT 
only near the normal incidance) 8(a).[Prameters: at target 
frequency 1.389 GHz, ε1 = 1 μ1 = –4.25, ε2 = 1 μ2 = 1, ε3 = –4.24 
μ3 = 1; d1 = d2 = d3 = 20mm; Drude dispersive model has been 
used. Inset of 8(a) is drawn at the frequency of 1.389GHz (black 
arrow)].This type possesses extremely narrow PTB when arrayed 
8(b).Fig 8(c) is drawn at the target frequency (black arrow).C type 
ABC type array (100 unit cells) supports CBG fig –  8(d). Both of  
the gaps are SNG gaps at frequencies of 0.5GHz (Green arrow)& 
1.73GHz (Red arrow) respectively. It is notable that a PTBis 
found in DPS region for array, but its width may not be 
controllable according to the designer’s will. 
 
types of table-1. More specifically, all angle transparecy 
can not be achieved in such cells due to the factthat 21 0m ≠
and 12 0m ≠ . However, phase shifted perfect tunneling will 
be found at normal incidence for both polar- 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG-9.C type conjugated matched ABCD type array (100 unit 
cells) showing BG shifting property - 9(a) and 9(c) (See text for 
detail).[Prameters: at target frequency 1.389 GHz, ε1 = 1 μ1 = –
4.25, ε2 = 1 μ2 = 1, ε3 = –4.24 μ3 = 1 with matched layer having ε4 
= 2.251,μ4 = 2.251; d1 = d2 = d3 = d3= 20mm; Drude dispersive 
model has been used. Even after the addition of matched layer, C 
type cell still shows PT-9(b) at target frequency 1.389GHz (Black 
arrow). The shifted band gap also shows CBG behavior -9(d), 
drawn at 1.15GHz (Red arrow) due to imposed conditions. 
 
 
 
-izations (Fig. 8(a)). We shall consider the structure ofFeng 
et al.  to describe this type-C unit cells [2]. If we makearray 
with type-C unit cells, at the target perfect tunneling 
frequency we still get phase shifted  PT. But the phase shift 
due to the array is different from that due the unit cell.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
FIG-10. The E&H intensities as a function of position for C type ABC unit cell  at f0 = 1.389GHz is shown in (a). 10(b) shows the 
corresponding real and imaginary parts of E field with respect to the position. 10(c) & 10(d) are drawn for  4-unit cell array at f0 = 1.389GHz(at 
pass band), 10(d) shows the corresponding real and imaginary parts of E field with respect to the position. 10(e) is drawn for 1.73GHz (at mid 
of SNG stop band 6 unit cell array, in log scale). 10(f) is at the mid band frequency of 1.15GHz in the shifted BG for the array with 6 ABCD 
type unit cell, in log scale. 10(g) & 10(h) are drawn for 5-unit cell array of ABCD at target PT frequency 1.389GHz (Pass band) after adding 
the matched D layer. Field distribution (magnitude only) remains same for ABC & ABCD array at target PT frequency inside the pass band. 
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Mathematically we can analyze similarly as before for  Eq 
(24) & (25)and hence we can write: 
                
1 12
11
1tan aa
in a
m
i m
β
η
−  =  
 


                                  ( 29)
 
For phase shift in the electric field and similarly for the 
phase shift in the magnetic field we get: 
 
                   
1 21
22
1tan aa
in a
m
i m
α
η
−  =  
 


                              (30)
 
Here tilde represents elements of the inverse matrix (Ta)
-
1the subscript ‘a’ refers to the array. The definition of the 
transfer matrix for the array Ta, can be given in a similar 
way as  : 
 
2 3 2 3 2 2 3
1 2
1 1 1 1
11 12
21 22
......a N
a a
N
a a
m m
m m
Τ = (Μ ⋅Μ ⋅Μ ) . (Μ ⋅Μ ⋅Μ ) (Μ ⋅Μ ⋅Μ )
 
 = Τ  ⋅ Τ  ....... Τ =  
 
(31) 
 
However, decoupling mode theory reported in [17] is not 
applicable to this PSPT phenomenon because there must be 
reflected waves in each of the layers at PSPT frequency for 
the type-C array structures. It is noticable that a wide PSPT 
band is found in the DPS region when the layers are 
electrically very thick (Fig 9(a) & (d)). Similar stable PSPT 
band has been observed in type-A array structure. Now, if 
we consider the band gap property of type-C unit cell array, 
we may get CBG only for specific cases. But the reason of 
finding CBG with electrically thick type-C unit cell array is 
quite different from that in the type-A  & B arrays. In our 
example (Fig 8(d)), this CBG is found due to the imposed 
condition of CBG reported in [10, 23]. Our structure is 
ENG|MNG|DPS type and detailed physical explanation of 
CBG formation can be found in [23].But this BG is similar 
to the type-II gap reported in [20] ( due to interaction of 
evanscent waves, see Fig 11 (c)). 
Another important fact is that type-C arrays can support a 
new phenomenonthat we can call ‘band gap shifting’ in 
which we add an extra matched layer D with the previous 
perfect tunneling ABC unit cell of [2] to make  
0i i i id dµ= =∑ ∑ at PT frequency. Making an array of the 
form (ABCD)n, we find that the BG at the RHS of the PT 
frequency in the array of ABC jumps to the LHS after 
adding the matched layer D(Fig 9(a) & (c)). The new BG 
will also show CBG (Fig 9(d)) just like the CBG in the 
previous RHS BG of (ABC)nstructure. However, the field 
distribution is differenet for the new LHS BG of the 
(ABCD)n (see Fig. 10(c)& 10(g)). The BG is still formed 
due to the interaction of evanscent modes (similar to type-II 
gap in [20]).It is interesting that even after the addition of 
an extra layer, the PSPT frequency of  the ABCD layer 
remains thesame as that of the ABC layer (Fig 9 (c)). 
Besides, the field distribution (magnitude) is not affected 
due to the addition of the extra matched layer (Fig 
10(g)).ThePT band in the DPS region will be a little bit 
affected and reduced for the array of ABCD (Fig (a)& (d)). 
Feng et al. [2] have experimentally checked the PT 
performance of their unit cell. Detail physical and 
mathematical explanation of this interesting phenomena-
‘Band Gap Shifting’, will be discussed elesewhere in 
future. For electrically thin type-C unit cells, we expect 
similar results. Finally we can conclude that although the 
PT performance is not good enough for the type-C unit 
cells, their array performance is good enough due to 
simultanous PTB and CBG even with elecrtically thick 
layers. Last but not least, although in [2,3] PSPT has been 
achieved with metamaterials,PSPT is also achievable with 
unit cells made up of only DPS layers.  
 
Conclusion: 
We have proposed a compact calssification of unit cells 
satisfying the condition q21 =0 and showing PTmade up of 
SNG metamaterialsbased on our derived specific relations 
 between Q & T matrices. The physical explanation of PT 
in the arrayshas been made based on band theory& under 
the assumption of no loss. As in the microwave range, the 
effect of loss is not too high. We believe are proposed 
structures are very promising for future applicationse.g. for 
optical fibers, subwavelength imaging, broadband data 
transmission, anetnna engineering [11-13, 24-29] and so 
on.We predict our electromagnetic ideas can also be 
applied on semiconductor structures for perfect tunneling 
and new types of artificial electronic band gaps. 
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